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We develop a saling ansatz for the master equation in Dvali, Gabadadze, Porrati osmologies,
whih allows us to solve the equations of motion for perturbations o the brane during periods when
the on-brane evolution is sale-free. This allows us to understand the behavior of the gravitational
potentials outside the horizon at high redshifts and lose to the horizon today. We onrm that the
results of Koyama and Maartens are valid at sales relevant for observations suh as galaxy-ISW
orrelation. At larger sales, there is an additional suppression of the potential whih redues the
growth rate even further and would strengthen the ISW eet.
I. INTRODUCTION
That osmi aeleration is a fat appears indubitable.
Instead of an exoti new form of dark energy driving the
aeleration, it may be aused by a modiation of grav-
ity. Preise measurements for gravity are only available
in the range of sales from a millimeter to that of the so-
lar systemwe do not have any diret probe of Einstein
gravity beyond these boundaries. Cosmi aeleration
may originate in a breakdown of Einstein gravity at dis-
tanes beyond the range above.
Dvali, Gabadadze and Porrati (DGP) [1℄ have pro-
posed a braneworld theory in whih our universe is
a (3+1)-dimensional brane embedded in an innite
Minkowski bulk. Gravity propagates everywhere, but, on
the brane, an additional (3+1)-dimensional gravitational
interation is indued. This allows for gravitational po-
tentials on the brane of a (3+1)-dimensional form at
small distanes to evolve into (4+1)-dimensional form be-
yond a rossover sale determined by the unknown energy
sale for the bulk gravity. The osmologial solution of
this theory was shown to exhibit aelerated osmi ex-
pansion without the aid of an exoti energy omponent
like dark energy [2℄[3℄.
It has already been shown that the linearized eld the-
ory as dened by the DGP model ontains ghost degrees
of freedom [4℄[5℄[6℄[7℄[8℄, or even may violate ausality in
ertain limits [9℄. It is known, for instane, that the de
Sitter bakground is unstable to lassial linear perturba-
tions; however, it is laimed in [10℄ that strong-oupling
eets at small radii around matter soures ensure that
the theory remains stable.
The point of view of our work is to assume that linear
perturbation theory remains valid on the largest sales.
This is motivated by the fat that the late universe
is dominated by the gravitational interation of dark-
matter haloes. The internal struture of the haloes is
ontrolled by the strongly-oupled non-linear theory. On
the other hand, the radius below whih strong-oupling is
∗
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important for haloes is approximately equivalent to their
size and therefore their interations should be driven by
the linear theory analyzed in this work.
We do nd that deep into the aelerated era the spae-
time beomes unstable on the timesale of the expansion.
However, this is an eet that only beomes important
far into the future and is negligible as far as the observa-
tional impat today is onerned. We therefore assume
that during the early universe, when the theory does not
exhibit instabilities, the analysis for DGP proeeds in ex-
atly the same way as that for GR. Then, deep during
the aeleration era, instabilities develop and the theory
may or may not be saved by non-linear eetsan issue
on whih we remain agnosti. This evolutionary history
appears to be the only one whih is apable of reprodu-
ing the universe as we see it. If strong oupling eets
are important straight away and at all sales, the ap-
proximation of a homogeneous bakground osmology is
ompletely inappliable and the DGP model would not
be able to reprodue observations suh as supernova lu-
minosities. We therefore eetively assume a best-ase
senario for DGP: should this analysis fail to predit the
observations, the model is exluded. If it passes the ob-
servational tests, a more areful study of the eets of the
strong oupling regime during the aeleration era would
be required to understand fully the future evolution of
the universe in the DGP model.
Under the above assumptions, the equations of mo-
tion for the theory of gravity on the brane, pertinent to
the study of osmology, do not lose owing to the inter-
ation with the bulk at rst order in perturbation the-
ory. Koyama and Maartens [11℄ have used a quasi-stati
approximation, valid well within the horizon, to investi-
gate struture formation at smaller sales. This solution
shows the essential role that the bulk plays in orreting
the gravitational potentials, reduing the growth rate.
Also, Lue et al. [12℄ have reahed a similar onlusion
using a dierent approah, inluding non-linearities in
their alulations.
In the following, we present a new saling ansatz for
the master equation, allowing us to solve the equation
and alulate the resulting osmologial evolution at all
sales for high redshifts, and lose to the horizon today.
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In II, we review the linearized equations of motion for
DGP. We present our saling solution in III and dis-
uss its osmologial impliations in IV. We study the
robustness of the saling solution in the Appendix and
disuss these results in V.
II. DGP EQUATIONS OF MOTION
A. Bakground
In the DGP model, gravity alone propagates in the
bulk, and the 5D gravitational theory is omplemented
by an indued 4D Rii salar restrited to the brane.
We assume that both the bulk and the brane have zero
tensions, i.e. the osmologial onstants are zero. We
thus start o with the basi DGP ation:
S =
∫
d5x
√−g
[
(5)R
2κ2
+ δ(χ)
(
(4)R
2µ2
+ L
SM
)]
, (1)
a 3-brane embedded in an empty bulk, with all the
standard-model elds loalized on the brane at χ = 0.
The onstants µ2 and κ2 dene the energy sales of the
theories of gravity: one is Newton's onstant, µ2 = 8piG,
the other represents the energy sale of the bulk gravity.
As shown by Dvali et al. [1℄, the ratio of the two
sales denes a ross-over radius beyond whih the four-
dimensional gravitational theory transitions into a ve-
dimensional regime
rc =
κ2
2µ2
. (2)
This sale is hosen to be of the order of the urrent Hub-
ble length so that the aeleration of the expansion to-
day results from the 4D to 5D transition. For illustrative
purposes, we will take in our alulations rcH0 = 1.32,
in a matter and radiation universe with Ωm = 0.24
and h = 0.66. When omparing with ΛCDM, the on-
ordane set of parameters will be used: Ωm = 0.25,
h = 0.72. The two sets of parameters represent os-
mologies whih are best ts to supernova luminosity data
(SNLS [13℄) and the distane to the last-sattering sur-
fae (WMAP [14℄), but assuming that the universe is at.
We disuss the ts to these data in a ompanion paper,
Song et al. [15℄.
For the purpose of osmologial alulations, we would
like to redue the ve-dimensional braneworld to an ef-
fetive theory on the brane, whih ould be studied us-
ing the usual range of four-dimensional tools. Using a
4+1 deomposition of the theory [16℄[17℄[18℄, we an de-
rive the eetive on-brane equations of motiona set of
modied Einstein equations
Gµν = 4r
2
cfµν − Eµν , (3)
where the Greek indies range aross all the dimensions,
µ, ν = 0, 1, . . . , 4. fµν is a tensor quadrati in the 4-
dimensional Einstein and energy-momentum tensors,
fµν ≡ 1
12
AAµν − 1
4
A αµ Aνα +
1
8
gµν
(
AαβA
αβ − A
2
3
)
,
(4)
Aµν ≡ Gµν − µ2Tµν , (5)
while Eµν is the bulk Weyl tensor projeted onto the
brane using the vetor normal to the brane, nµ
Eµν ≡ Cαµβνnαnβ . (6)
It an be shown that for branes with maximally-
symmetri spatial hypersurfaes, the projeted Weyl ten-
sor must take the form Ca−4, with C a onstant (see [19℄:
it is eetively a onstant of integration for the bak-
ground). Sine the Weyl tensor is traeless, it will dilute
as rapidly as radiation and will beome irrelevant at late
times, if it doesn't ompletely dominate the dynamis
initially. We will therefore set C = 0, allowing us to nd
the modied Friedman equation for the bakground evo-
lution of the osmology on the brane. In the ase of the
at brane, whih is the only one to be onsidered here,
H2 ∓ H
rc
=
µ2ρ
3
, (7)
leading to the result that, for the upper-sign seletion,
the osmology tends to a de-Sitter phase as the matter
density gets diluted away, potentially providing a model
for the observed aeleration [20℄. This is the hoie we
will make heneforth.
In addition to rc, there is another sale present in
the theory, whih thus far we have ignored: the strong-
oupling sale given by
r∗ = (r
2
crg)
1/3
(8)
where rg is the Shwarzshild radius of the point soure
under onsideration. Beneath this radius, the linear ap-
proximation developed above is not valid and the theory
returns to 4D GR with small orretions. It is not un-
derstood how two soures superimpose when the linear
regime is not valid. However, the linear density elds
are atually onstruted out of a spatial average of dark-
matter halos, eah of whih has r∗ omparable to its ra-
dius. Thus we should be able to use the linear theory to
disuss the gravitational dynamis of the spatial averages
of the halos, but most likely not their internal struture.
B. Linear Perturbations
An observer restrited to the brane will pereive the
universe as purely four dimensional. Therefore, the most
general linear salar perturbations to the indued at
four-dimensional metri an be parameterized by
ds2 = −(1 + 2Ψ)dt2 + a2(1 + 2Φ)dx2 , (9)
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while he linearized energy-momentum tensor an be writ-
ten down as
T 00 = −ρ(1 + δ) , (10)
T 0i = (1 + w)ρ∂iq , (11)
T ij = ρ(w + c
2
s δ)δ
i
j + wρ
(
∂i∂j − 1
3
δij
)
π . (12)
Here ρ is the density of the osmologial bakground,
w ≡ p/ρ is the bakground equation of state parame-
ter, and c2s = δp/δρ is the sound speed for the pressure
perturbations.
The full 5D perturbations of the bulk are riher: Def-
fayet in [23℄ has shown that their eet on the brane
an be redued to the presene of perturbations to the
Weyl tensor as an additional soure of stress-energy. The
preise relationship between the various omponents of
the Weyl tensor is determined by their relationship to
a master variable (see II C), whih in turn enodes all
the gauge-invariant perturbations to the full 5D metri
throughout the bulk. We dene the linear salar pertur-
bations to the Weyl tensor by
E00 = −µ2ρδE , (13)
E0i = µ
2ρ∂iqE , (14)
Eij = µ
2wEρ
[
δEδ
i
j +
(
∂i∂j − 1
3
δij∂
2
)
πE
]
. (15)
The Weyl tensor is traeless, and hene the pressure per-
turbation will behave like radiation, i.e. wE = 1/3. The
linearized Poisson and anisotropy equations then are
k2
a2
Φ =
µ2ρ
2
2Hrc
2Hrc − 1∆+
µ2ρ
2
1
2Hrc − 1∆E , (16)
Φ+ Ψ = −

1 + 1
2rcH
(
1 + H˙2H2
)
− 1

µ2ρa2wπ
− 1
2rcH
(
1 + H˙2H2
)
− 1
µ2ρ
3
a2πE , (17)
with ∆ the omoving density ontrast and the equivalent
denition for ∆E :
∆ = δ − 3H(1 + w)q , ∆E = δE − 3HqE . (18)
The equations of motion for the energy momentum
tensor are given by the onservation law ∇µTµν = 0 sup-
plemented by equations of state that dene the stress
utuations
d
dt
[
δ
1 + w
]
− k
2
a2
q = −3Φ˙ , (19)
q˙ − 3c2sqH + c2s
δ
1 + w
− 2
3
w
1 + w
k2π = −Ψ . (20)
We have here assumed adiabati pressure utuations in
the multiomponent matter system c2s = p˙/ρ˙.
On the other hand, the Weyl tensor is not separately
onserved and its equations of motion ome from the
Bianhi identity, ∇µGµν = 0, as applied to Eq. (3),
∇µEµν = 4r2c∇µfµν . (21)
We an rewrite this as
˙δE + (1− 3w)HδE − k
2
a2
qE = 0 , (22)
˙qE − 3wHqE + 1
3
δE − 2
9
k2πE = S , (23)
where the soure term
S ≡ 2rcH˙
3H

 ∆+∆E
1− 2Hrc +
k2(wπ + πE/3)
1− 2Hrc
(
1 + H˙2H2
)

 . (24)
Thus a non-zero Weyl tensor is unavoidably generated by
matter perturbations in linear theory [11℄.
In order to lose the above equations, we need the
analogue of an equation of state to relate the Weyl
anisotropi stress πE to the other omponents of the Weyl
tensor δE and qE . Unlike the relationship between the
Weyl pressure and energy density, this relation requires
a onsideration of perturbations in the bulk.
C. Master Equation
In [21℄, Mukohyama showed that for maximally-
symmetri ve-dimensional spae-times, the full ve-
dimensional linear salar perturbations in the bulk an be
desribed using a master variableΩ. Sine the bulk being
onsidered is just Minkowski, and the brane is assumed
at, we an parameterize the unperturbed bakground
5D metri by [22℄
ds2 = −n(y, t)2dt2 + b(y, t)2dx2 + dy2 , (25)
where the brane sits at y = 0 and
b = a(1 +H |y|) , n = 1 +
(
H˙
H
+H
)
|y| . (26)
This parameterization is also valid for branes with non-
zero urvature provided that |Ωk| ≪ 1. The master vari-
able then obeys a hyperboli equation of motion:
−
(
Ω˙
nb3
).
+
∂
∂y
(
n
b3
∂Ω
∂y
)
− nk
2
b5
Ω = 0 . (27)
We an then express all the gauge-invariant perturba-
tions to the 5D bulk as funtions of derivatives of the
master variable. In partiular, Deayet [23℄ has shown
C Master Equation 4
that the omponents of the Weyl tensor evaluated on the
brane an be expressed as
µ2ρδE = −k
4Ω
3a5
∣∣∣
y=0
, (28)
µ2ρqE = − k
2
3a3
(
Ω˙ −HΩ
) ∣∣∣
y=0
, (29)
µ2ρπE = − 1
2a3
(
3Ω¨ − 3HΩ˙ + k
2
a2
Ω − 3H˙
H
∂Ω
∂y
)∣∣∣∣∣
y=0
.
(30)
We will hereafter impliitly assume evaluation at y = 0
for the master variable in the on-brane equations where
no onfusion might arise. We an now rewrite the Bianhi
identity in terms of the master variable, obtaining, after
assuming that the osmologial uid has no anisotropy
stress,
Ω¨ − 3HF (H)Ω˙
+
(
F (H)
k2
a2
+
H
K(H)rc
+
2Hrc − 1
rc
RH
)
Ω
=
2a3
k2K(H)
µ2ρ∆ , (31)
where R expresses the derivative aross the brane
R ≡ 1
HΩ
∂Ω
∂y
∣∣∣
y=0
. (32)
We have dened two new funtions of the Hubble param-
eter
F (H) ≡
2Hrc
(
1 + H˙3H2
)
− 1
2Hrc − 1 , (33)
K(H) ≡ 2Hrc − 1
2Hrc
(
1 + H˙2H2
)
− 1
. (34)
Were it not for the ∂Ω/∂y derivative aross the brane in
R, this equation would be a simple dynami equation for
Ω, whih, given an evolution equation for the soure ∆,
ould be solved as a oupled equation. The role of the
master equation is to dene R, the relationship between
∂Ω/∂y and Ω.
Koyama and Maartens [11℄ adopted a quasi-stati ap-
proah to solve these equations. The master equation
then implies that the gradient
R = − k
aH
. (35)
In the Bianhi identity the time-derivative and brane-
derivative terms are negleted ompared to those of or-
der (k/aH)2Ω. This quasi-stati approah leads to their
solution to whih we will refer heneforth as QS
ΩQS =
2a5
k4F (H)K(H)
µ2ρ∆ . (36)
This solution is equivalent to a losure relationship for πE
in terms of δE through Eqs. (28) and (30). Using this,
we an dene the quasi-stati limit (QS) of DGP gravity
where the Poisson and anisotropy equations beome
k2
a2
(Φ− Ψ) = µ
2ρ
2
∆ (37)
k2
a2
(Φ+ Ψ) = −µ
2ρ
6β
∆ , (38)
with
β ≡ 1− 2rcH
(
1 +
H˙
3H2
)
. (39)
These equations are equivalent to the linear limit of the
results obtained by Lue et al. [12℄.
In the next two setions, we will show how the quasi-
stati solution is dynamially ahieved for the perturba-
tions shortly after horizon rossing and disuss large-sale
deviations from this solution.
III. SCALING SOLUTION TO MASTER
EQUATION
A. Causal Horizon
The master equation is a wave equation soured by the
omoving density perturbations on the brane through the
Bianhi identity (31).
Sine, in appropriate oordinates, the bulk is just
Minkowski, the evolution of Ω in the bulk an be seen
as a normal propagating wave given a boundary ondi-
tion from the behavior on the brane. Beyond the ausal
horizon, the bulk should remain unperturbed. This
ausal horizon must be invariant in all oordinizations
of the bulk; therefore we an loate it by nding the null
geodesi of Eq. (25), giving us the y-position of the hori-
zon as
ξ = y
hor
H = aH2
∫ a
0
da˜
a˜2H(a˜)2
. (40)
Before the aeleration epoh, this redues to ξ = 1/(2+
3w) for a osmology with a onstant equation of state pa-
rameter, i.e. ξ = 1/3 for a radiation-only osmology and
ξ = 1/2 for a matter-only osmology. We are making
the assumption that the universe has not gone through a
period of ination, whih would have moved the horizon
muh further out. If ination did take plae, it is not un-
reasonable to expet that any perturbations that existed
prior to the inationary phase will have been pushed far
away and the bulk will start in an unperturbed state in
the viinity of the brane at the beginning of radiation
domination, resulting in a ausal horizon equivalent to
that of the osmology with no ination.
The onstany of the horizon during the domination
of a partiular uid suggests that we an dene a new
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variable, in whih the horizon will remain xed at all
times, lying at x = 1
x ≡ yH
ξ
. (41)
We an then reast the master equation in x and solve it
as a boundary value problem with the value of Ω at the
horizon, x = 1, set to zero.
B. Saling Ansatz
The seond boundary ondition needed to solve the
master equation is the behavior of the master variable
on the brane. During epohs when the soure remains
sale-free and the Bianhi dynamis also do not hange,
one would expet that the master variable also obeys
a saling ansatz on the brane Ω|y=0 = Aap , where A
and p are onstants. Likewise, during suh epohs we
expet the master variable in the bulk to reah a stable
solution in the variable x, the distane in units of the
ausal horizon, for a given wavenumber k/aH .
We therefore propose a new ansatz for the solution to
the master equation (27):
Ω = A(p)apG(x) . (42)
With this assumption, the master equation (27) beomes
the ordinary dierential equation
d2G
dx2
+
(
4h2 + h(2p− 1) + 2h′
2h(1 + xξ(1 + 2h))
− 1 + 2p
2(1 + xξ)
− h+ h
2 + h′
h(1 + xξ(1 + h))
)
ξ
dG
dx
+
(
hp(2p− 5)− 2h′p
4h2(1 + xξ)
+
3p
2(1 + xξ)2
−
− (1 + 2h)(h(4h+ 2p− 1) + 2h
′)p
4h2(1 + xξ(1 + 2h))
+
(1 + h)(h+ h2 + h′)p
h2(1 + (1 + h)xξ)
−
(
k
aH
)2
(1 + (1 + h)xξ)2
(1 + xξ)3(1 + xξ(1 + 2h))
)
ξ2G = 0 ,
(43)
where the primes denote dierentiation with respet
to ln athe new time oordinate whih will be used
heneforthand h ≡ H ′/H . In deriving the above, we
have negleted time derivatives of p and ξ: the saling
ansatz is not expeted to be valid when p is not a on-
stant, i.e. during times when the osmology is undergoing
a hange from the domination of one uid to another. In
addition, stritly speaking, G is atually a funtion of
both x and k/aH , even in the saling limit. We have
therefore also assumed that k/aH is a onstant, whih is
valid in the k = 0 limit. As we explain later, as k/aH
approahes unity, where its time-derivatives might im-
pat the solution signiantly, the harater of Eq. (43)
hanges and terms whih do not involve the derivatives
of k/aH dominate.
Note that, provided w is onstant, one of the denomi-
nators in Eq. (43) an be re-expressed as
1 + xξ(1 + 2h) = 1− x . (44)
Thus the equation has a regular singular point x = 1,
exatly at the ausal horizon. This is not a oordinate
singularity (all the entries of the metri are regular there),
but is a reetion of the juntion between perturbed and
unperturbed spae-times.
Supplying H , p as a funtion of the sale fator is
enough to solve this ODE as a boundary-value problem,
requiring that G(x) be 1 on the brane and 0 at x = 1.
This in turn gives the value of R as
R =
1
ξ
dG
dx
∣∣
x=0
G|x=0
, (45)
and loses the evolution equations for the perturbations
on the brane.
We will heneforth refer to this solution as the dynam-
ial saling or just saling solution and use the aronym
DS.
C. Iterative Solution
In pratie, one does not know the saling index p a pri-
ori and, moreover, it an hange during the evolution of
a k mode as the master variable leaves one saling regime
and enters another. We therefore solve for p iteratively
by demanding onsisteny with the Bianhi identity.
To determine the zeroth-order solution for p, we sub-
stitute the ansatz Eq. (42) into Eq. (31) to obtain
A(p) =
2a3−p
k2K(H)H2[J(H) + F (H)(k/aH)2
]µ2ρ∆ , (46)
J(H) = p[p+ h− 3F (H)] + 1
K(H)Hrc
+
2Hrc − 1
Hrc
R .
Before the aeleration epoh, when the expansion is
dominated by a single uid, J(H) and F (H) are onstant,
while K(H) is a simple power law in a. We therefore set
p = p(0), the zeroth order solution for k/aH ≪ 1
p(0) = 3 +
d ln[ρ∆(0)/(K(H)H2)]
d ln a
. (47)
Note that this denition allows transitions between sal-
ing regimes where w hanges. We shall see that the solu-
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tions for R beome independent of p for k/aH ≫ 1 and
so we use this as the zeroth order solution for all modes,
both super- and subhorizon.
Finally we need a zeroth order solution for∆(0). Modes
of interest to large-sale osmologial tests are superhori-
zon during radiation domination and enter the horizon
either during matter domination or the urrent aeler-
ation epoh. Before the aeleration epoh and in the
absene of anisotropi stress, these modes obey [24℄
∆(0) ∝ D
3 + 29D
2 − 89D − 169 + 169
√
D + 1
D(D + 1)
, (48)
where D ≡ a/a
eq
. In order to obtain the zeroth-order
solution for p(0) we assume that the growth presribed
by equation Eq. (48) ontinues until today (see Fig. 1).
Given this, we solve the master equation Eq. (43) to
obtain the o-brane gradient, R, and then dynamially
solve the Bianhi identity Eq. (31) oupled to the osmol-
ogy, for the partiular mode. One the dynami evolu-
tion for the rst-order solution Ω(1) is obtained, we an
iteratively improve our estimation of p by numerially
alulating
p(i) =
d lnΩ(i)
d ln a
(49)
and repeating the above presription. We nd in the next
setion that this proedure onverges quikly and alters
the value of p only when p is not a onstant, as expeted.
We display the eets of the iteration on p in Fig. 1.
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FIG. 1: Value of exponent p in the saling solution Ω|y=0 ∝ a
p
for superhorizon modes, plotted as a funtion of the sale fa-
tor. The p(0) alulation assumes that the density perturba-
tion ∆ follows Eq. (48) at all times. The p(i) result is the
output of an iterative proess, where p is used to alulate R
and hene the evolution of Ω whih is in turn used to derive
a orretion to p.
IV. COSMOLOGICAL IMPLICATIONS
A. Limiting Cases and Numerial Solutions
The evolution of the master variable exhibits sev-
eral distint phases that are distinguished by the on-
brane saling evolution: that during radiation domina-
tion, matter domination and the de-Sitter aeleration
phase both inside and outside the horizon. The saling
of the Bianhi identity Eq. (31) determines the value of p
at a partiular sale fator, while the solution to the mas-
ter equation Eq. (43) determines the o-brane gradient
R. To better understand the nature of the solution and
how it impats perturbation evolution, we will ompare
the analyti expetations to the full numerial results in
the various phases.
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k = 0
k = 0.001 Mpc−1
k = 0.002 Mpc−2
FIG. 2: Evolution of ratio of o-brane gradient to master
variable, R, as dened in Eq. (32), for a seletion of modes.
On superhorizon sales, R is onstant whenever p is a on-
stant. One the mode enters the horizon it rapidly approahes
R = −k/aH . As the universe enters the de-Sitter phase, the
modes again leave the horizon and R asymptotes to 1.
1. Superhorizon Modes
During radiation domination, Hrc ≫ 1, H ′/H =
−2 + a/2a
eq
and F (H) = 1/3. The partiular om-
bination in the denominator of K(H) auses the rst-
order ontribution of H ′/H to anel, leaving us with
K(H) ∝ a−1. The Bianhi identity Eq. (31) for super-
horizon modes then ditates that
A ∝ a4−p∆ . (50)
Sine ∆ ∝ a2 during radiation domination, this gives
p = 6 for superhorizon modes. Inserted bak into the
master equation under the saling ansatz Eq. (43), this
value of p implies
R = −3, (k/aH ≪ 1, radiation domination) . (51)
A Limiting Cases and Numerial Solutions 7
With R determined, the equations of motion for the per-
turbations on the brane are losed.
This analyti expetation also serves as the initial on-
ditions for the numerial saling solution. In pratie, we
begin the integration at a = 10−6, when all modes of in-
terest are outside the horizon. The numerial solution
for p is shown in Fig. 1 and for R in Fig. 2. Note that, in
the radiation-dominated era, their values stay stable at
the analyti predition for all iterations of the solution.
The large-sale modes of interest remain outside the
horizon during the whole radiation-dominated epoh. In
the matter-dominated epoh, the evolution outside the
horizon an be obtained by noting, F (H) = 1/2,K(H) =
4, H ′/H = −3/2, and Hrc ≫ 1. The Bianhi identity
ditates that
A ∝ a3−p∆ . (52)
Given that ∆ ∝ a, p = 4. Sine the matter dominated
solution is of partiular interest, we expliitly give the
master equation under the saling ansatz
d2G
dx2
+
(
7− 2p
4(x− 1) −
1 + 2p
2(x+ 2)
− 1
x− 4
)
dG
dx
+
+
(
p(2p− 7)
12(x− 1) +
p(5− 2p)
12(x+ 2)
+
p
6(x− 4) +
3p
2(x+ 2)2
+
+
(
k
aH
)2
(x− 4)2
8(x− 1)(x+ 2)3
)
G = 0 . (53)
This is solved as a boundary value problem with bound-
ary onditions G(0) = 1 and G(1) = 0. The form of the
numerial solution to this equation is shown in Fig. 3. In
the large-sale limit, the gradient reahes
R = −1, (k/aH ≪ 1, matter domination) . (54)
In the numerial solution of Figs. 1 and 2, these values
of p = 4 and R = −1 are ahieved gradually as the ex-
pansion beomes matter dominated. The iteration of the
numerial solution in fat further smooths the transition
until a stable form is ahieved as would be expeted. Note
also that R is very insensitive to k/aH , provided it be
less than 1 suh that the mode is larger than the horizon.
2. Subhorizon Modes
The modes of interest ross the horizon either during
matter domination or the aeleration epoh. For large
values of k/aH , the nal term of the master equation
Eq. (43) dominates over other parts of the oeients of
G(x) and G′(x). As evidened in Fig. 3, in this regime,
the solution does not penetrate very far into the bulk.
We an thus expand the master equation around x = 0,
reduing it to
d2G
dx2
− ξ2(1 − 2ξx)
(
k
aH
)2
G = 0 . (55)
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FIG. 3: O-brane prole for G(x) obtained by solving equa-
tion (43) during matter domination (log a = −2), ompared
to o-brane proles for the quasi-stati (QS) solution. For
high k/aH the proles are very narrow and eetively inde-
pendent of the position of the ausal horizon: they penetrate
very little into the bulk and the behavior of the solution is
pratially independent of the value of p. In this regime, the
QS solution is pratially oinident with the saling solu-
tion. For modes with low k/aH , the solution is non-zero in
the whole interval x ∈ [0, 1) and therefore it depends strongly
on the value of p. QS severely underestimates the gradient of
the prole in this regime.
This mathes the quasi-stati approximation up to rst
order in x. Therefore, for k/aH ≫ 1, the relation giving
the gradient on the brane is exatly as in the QS ap-
proximation [11℄, with no dependene on the value of p:
R = − k
aH
(k/aH ≫ 1, matter/aeleration). (56)
The numerial solution for R evolved through horizon
rossing is shown in Fig. 2. It reahes this saling shortly
after horizon rossing.
Despite this independene of p, the master variable
does ahieve a saling form during matter domination.
The Bianhi identity (31) an be redued to the QS form,
Eq. (36), and implies
A ∝ a2−p∆ , (57)
and hene p = 3.
In general then, R is a funtion of both k/aH and p(a)
and therefore eah mode needs to be followed separately
through its evolution both outside and inside the hori-
zon. However, only outside the horizon does the value
of the o-brane gradient atually aet the evolution on
the brane, sine for high k/aH it is subdominant in the
Bianhi identity Eq. (31).
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3. Asymptoti de-Sitter phase
At late times, the DGP osmology enters the self-
aelerated de-Sitter phase. During this time all modes
exit the horizon while the ausal horizon in the bulk,
ξ, grows rapidly toward innity. This allows us to on-
entrate on the k ≪ aH limit. Deep into the de-Sitter
phase of the expansion, Hrc = 1, K(H) = F (H) = 1.
The master equation (27) an now be rewritten (in the
saling approximation) as
∂2Ω
∂y2
− 2
1 +Hy
∂Ω
∂y
− p(p− 3)
(1 +Hy)2
Ω = 0 . (58)
This equation has an analyti solution. Assuming that
the perturbations vanish at the ausal horizon, Ω = 0 at
y = ξ/H , and that p 6= 3/2, we an nd the o-brane
gradient:
R =
1
2
(3− |2p− 3|)− |2p− 3|
(1 + ξ)|2p−3| − 1 . (59)
This an now be ombined with the Bianhi identity
(p2 − 3p+ 1+ R)Ω = 6H
2
0r
2
cΩm∆
k2
. (60)
It an be shown that ∆ beomes a onstant during the
aeleration era.
In the limit where r2c∆/Ω → 0 and ξ → ∞, i.e. at
very late times, the solution to the above two equations
ombined is R = 1 and p = 2 or p = 1, where we would
expet the fastest-growing mode, p = 2, to dominate. We
plot the numerial solutions in Figs. 1 and 2. Note that
iteration of the solution here is ruial but p = 2, R = 1
is approahed at late times.
The numerial results only onverge to p = 2, R = 1
very slowly. This an also be understood analytially.
There is a slight orretion to this result arising as a
result of ξ being nite, but it is already insigniant by
log a ∼ 2. A more signiant orretion to the saling
behavior arises as a result of ∆ not being zero. Its size
an be estimated by assuming that p = 2+ǫ. Substituting
this into both Eq. (59) and Eq. (60) we obtain
ǫ = 1− 1
2
√
4 +
6H20r
2
cΩm∆
Ωk2
. (61)
Indeed, as Ω grows, the orretion dereases until p = 2
is ahieved. In partiular, the ontinued growth of Ω
implies that the anisotropy at the largest sales will on-
tinue growing as
Φ+ Ψ ∝ πE
a
∝ a1+ǫ . (62)
4. Superhorizon Metri Evolution
Deriving an evolution equation for the metri high-
lights the fat that the metri evolution is not sensitive
to the DGP modiation until the aeleration epoh.
Even in the aeleration epoh the metri obeys a simple
equation of motion on superhorizon sales.
By appropriately rearranging the linearized Einstein
equations and the Bianhi identity, we an obtain a single
dierential equation for the gravitational potentials(
Φ′′ − Ψ ′ − H
′′
H ′
Φ′ +
(
H ′′
H ′
− H
′
H
)
Ψ+
(
k
aH
)2 [(
c2s +
H ′
3H
1
2Hrc − 1
)
Φ+
+
H ′
9(1 + w)H
2Hrc − 1
Hrc − 1 (Φ+ Ψ)
])
(1 + w) =
=
H ′
H
1
2Hrc
[
(w − c2s )∆E +
(
1
3
− w + H
′
3H
)
δE
]
. (63)
In the large-sale limit, k/aH → 0, δE ≈ 0; if we also
assume that c2s = w or that ∆E = O(k/aH)2Φ from the
Poisson equation, we obtain
Φ′′ − Ψ ′ − H
′′
H ′
Φ′ +
(
H ′′
H ′
− H
′
H
)
Ψ = 0 . (64)
Note that this equation for the metri perturbations is
the same as found in general relativity [e.g. [25℄ Eq. (50)℄.
Therefore, before the DGP modiations hange the ex-
pansion rate or generate anisotropi stress, the evolu-
tion of the metri is idential to general relativity. Fur-
thermore, as pointed out by Bertshinger [26℄ in the ab-
sene of anisotropi stress, Ψ = −Φ and this equation
yields solutions that depend only on the expansion his-
tory through H even in the aeleration epoh.
In DGP gravity, however, the anisotropy at the largest
sales is never negligible and, in fat, grows at late times,
as disussed in setion IVA3. We an rewrite Eq. (64)
by dening
Φ+ =
1
2
(Φ+ Ψ) Φ− =
1
2
(Φ− Ψ) . (65)
In the de Sitter era, when H ′/H = 0 and H ′′/H ′ = −3,
and assuming that the two new variables obey a saling
solution with Φ+ = A+a
p+
and Φ− = A−a
p
−
, Eq. (64)
beomes
A+a
p+(p2+ + 2p+ − 3) +A−ap−(p2− + 4p− + 3) = 0 .
(66)
One would expet that Φ+ would grow with exponent
p+ = 1, while Φ− would deay away with exponent p− =
−1. However, beause of the need to preserve the Bianhi
identity with a non-zero∆, as disussed in setion IVA3,
the saling solution is slightly violated. We nd that
p+ = 1 + ǫ while p− = 1. This leads to the relation
A−
A+
= − ǫa
ǫ
2
, (67)
where ǫ → 0 monotonially. At late times, our solution
tends to a regime where the ratio Φ−/Φ+ → 0, with
Φ+ ∝ a.
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It is interesting to note that in this opposite limit to
that studied in [26℄ where Φ− ≪ Φ+ Eq. (64) also be-
omes losed and has solutions that depend only on the
expansion history through H .
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FIG. 4: Ratio of master variable Ω for dynami saling and
quasi-stati solutions. In QS, Ω responds instantaneously to
hanges in ∆. Fully dynami solution to the Bianhi identity
(31) requires time to respond and eventually deays to the QS
solution. Initializing the alulation at earlier times hanges
neither the sale fator at whih Ω responds nor its value
today. Rapid growth ours during the time before horizon
rossing.
In fat, Eq. (64) is equivalent to the statement that the
Bardeen urvature, ζ ≡ Φ+Hq, is onserved during the
de Sitter era, one the mode leaves the horizon. This is
also true of the omoving density perturbation, ∆, whih
saturates to a onstant during the de Sitter era. However,
the omoving and longitudinal hypersurfaes warp with
a shift Hq that grows without bound.
B. Quasi-Stati vs Dynamial-Saling Solutions
It is useful to summarize the dierenes between the
quasi-stati (QS) and dynamial saling (DS) solutions
unovered in the previous setion.
Beginning at the initial onditions in the radiation-
dominated era, the superhorizon value of the master vari-
able is highly suppressed with Ω
DS
/Ω
QS
= O ((k/aH)2)
(see Fig. 4). As the mode enters the horizon during
matter domination, the DS solution for Ω grows rapidly
and then exeutes damped osillations around the QS
solution. This an be understood analytially sine the
Bianhi identity takes the form of a damped osillator
in Ω/a2 that is driven by ∆. During the time when
Ω signiantly deviates from the QS solution, the Weyl
orretions to the Poisson equation (16) are suppressed,
sine Hrc ≫ 1, and there is no additional orretion to
the gravitational potentials over and above that of QS
(see Fig. 7).
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FIG. 5: Evolution of the priniple gravitational observable
Φ− Ψ for onordane ΛCDM, the quasistati (QS) solution,
and our new dynamial saling (DS) solution. For sales
k & 0.01 Mp−1 the saling and QS solutions do not dier
appreiably: the deay in the potentials is a little faster than
ΛCDM as a result of slower growth of density ontrast. At
larger sales, the DS solution exhibits signiant additional
deay owing to the dierent value of Ω at late times, as ex-
hibited in Fig. 4. All potentials normalized to 1 at log a = −2.
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FIG. 6: Evolution of the omoving density ontrast ∆ for
onordane ΛCDM, QS and our DS solution. The growth
funtion in DGP is suppressed ompared to ΛCDM, even in
the ase of a at osmology. There is no signiant dierene
between the saling ansatz and the quasi-stati solution, with
DS departing at most by 2% from QS at the largest sales.
All quantities are normalized to 1 at log a = −2.
We nd that the results of the saling solution math
the quasi-stati results for all modes that enter the
horizon well within the matter-dominated epoh k >
0.01 Mp−1 (see Figs. 47). For larger sales, this is
not so: as shown in Fig. 4, Ω now only deays toward
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the QS solution, rather than osillating around it. Sine
at late times the Weyl perturbations are no longer sup-
pressed, this now makes a signiant ontribution to the
Poisson equation, resulting in additional deay of the po-
tentials. As shown in Fig. 7, there is a 15% deviation
from QS in Φ − Ψ at the sale k = 0.001 Mp−1 for the
hosen sets of osmologial parameters. The diretion of
this eet agrees with estimates made by Lue in [27℄ and
is suh that the saling solution is an even worse t to
CMB anisotropy data than the quasi-stati (see [15℄ for
a disussion).
On the other hand, up to the present time, the QS so-
lution for omoving density perturbations, ∆, is a very
good approximation for the DS solution at all sales.
The additional suppression is of the order of 2% for
k = 0.001 Mp−1.
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FIG. 7: Comparison of results of QS and DS solutions: Upper
panel presents the ratio of Φ− Ψ in the two approximations.
For modes with k > 0.01 Mp−1 the two solutions dier by
less than 2%. The dierene is muh more pronouned for
larger sales where Ω has not deayed to the QS value, result-
ing in additional deays of up to 15%. Lower panel presents
the ratio of omoving density perturbations in the two so-
lutions: ∆ is aeted muh less, with approximately a 2%
deviation from QS at the largest sale, k = 0.001 Mp−1.
V. DISCUSSION
We have introdued a new saling ansatz whih allows
solutions to linear perturbations in the DGP model on all
sales less than the ross-over sale rc up to the present
epoh. The equations of motion for linear perturbations
on the brane require knowledge of the gradient of the so-
alled master variable into the bulk. The master variable
obeys a master equation in the bulk. To solve the master
equation, it is suient to have two boundary onditions,
one on the brane and the other in the bulk.
Our saling solution begins with an ansatz for the
brane boundary ondition: that the evolution of the mas-
ter variable is sale free on the brane. The seond bound-
ary ondition is that the master variable vanishes at the
ausal horizon in the bulk. With these two boundary
onditions, we solve the master equation to determine
the gradient. With the gradient known, we an then re-
plae the sale-free ansatz with the dynamial solution
and iterate the solution until onvergene.
We nd that the quasi-stati (QS) solution of [11℄ is
rapidly approahed one the perturbation rosses the
horizon. Before horizon rossing there are strong de-
viations from the quasistati solution. For modes that
rossed the horizon only reently during the aeleration
epoh, we nd that the metri perturbation Φ − Ψ de-
ays more rapidly that the QS solution. The QS solution
itself has a stronger deay than the ΛCDM model. The
extra deay ompared with ΛCDM is extremely robust
to hanging the gradient of the master variable into the
bulk, the one variable that is required to lose the equa-
tions of motion on the brane. We onsider the observa-
tional onsequenes of these results in a ompanion paper
[15℄.
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APPENDIX A: SCALING ANSATZ ROBUSTNESS
Assuming that the saling ansatz is appropriate, the
solution presented in this paper is orret at all sales.
However, the sale-free assumption for the solution in the
bulk depends ruially on the existene of only one sale
in the problem: the Hubble parameter. It is possible
that through some additional physis in the viinity of rc
this assumption is broken and the evolution of the bulk
prole will depend on both H and rc independently.
However, any violation of saling will enter the equa-
tions solely through the o-brane gradient R: this is the
quantity whih we obtained by solving the master equa-
tion Eq. (43) using the saling ansatz. It is important to
note that, in our analysis, we have not dropped any terms
either arising from the Weyl-uid-driving Bianhi iden-
tity (31) or the master equation (27). We have assumed
that the solution in the bulk depends only on yH/ξ but
the form of the master equation implies that this saling
assumption should be a good one. We are only testing
the robustness of our solution in order to estimate the
eet of any new physis whih might be important at
11
sales around rc and whih is not embodied in the master
equation already.
One way of testing the robustness of the saling ansatz
is to hange the values of R at late times and investigate
how muh of a departure from saling-ansatz values is
neessary to signiantly hange the behavior of observ-
ables. We onentrate on the hange to the evolution of
the potential Φ − Ψ , whih drives the ISW eet, as we
alter the o-brane gradient. Sine the QS solution al-
ready has a signiantly sharper deay than ΛCDM, and
therefore is a worse t to the large-angle CMB anisotropy
[15℄, and the DS solution deays even more rapidly (see
gure 5), we attempt to violate the saling solution in
suh a way as to soften this deay. We present the mod-
iation to R in Fig. 8: we employ a linear interpolation
for R between its saling-ansatz value at log a = −2 and
a hosen o-brane gradient value today, R0. One should
note that this breaking is rather extreme, sine the sale
under onsideration, k = 0.001Mp−1, is inside the hori-
zon today and it should be well within the quasi-stati
regime at the present time.
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FIG. 8: O-brane gradient for k = 0.001 Mp−1 for the sal-
ing solution and the saling-violating senarios employed in
robustness testing. Sine any saling violation is only likely to
our at sale fator lose to Hrc ∼ 1, we modify the gradient
starting at log a = −2. A value of the gradient today, R0, is
hosen and the gradient is interpolated linearly between these
two sale fators. In this modiation, we disregard the fat
that the mode enters the horizon at late times.
We have found that hoosing negative values for R0
strengthens the deay of Φ−Ψ , with the saling solution
approximately repliated for R0 ≈ −2. Positive values
of R0 redue the rapidity of the deay at late times: the
QS solution is mathed for R0 ≈ 5, whih is a value
muh higher than ever ahieved by the saling solution.
In order to ahieve the low levels of deay exhibited by
ΛCDM, R0 needs to be set in the viinity of 50.
The eet is dierent for∆: here, negative values of R0
also derease the growth rate even further beneath that of
DS; however, ∆ asymptotes to a value approximately 2%
beneath that of the QS solution as R0 is sent to innity.
The above onsiderations show that the new physis
required around rc would have to violate the saling be-
havior rather strongly in order to give an ISW eet om-
parable to that of ΛCDM.
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FIG. 9: Evolution of Φ−Ψ and ∆ for mode k = 0.001 Mp−1
for a seletion of saling-violating senarios. Inreasing R0
brings the solution loser to that of QS, and, for very large
values, redues the deay of Φ−Ψ to that of ΛCDM. The eet
of hanging R0 on ∆ is muh smaller, the quantity remains
insensitive to the preise details of the senario.
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FIG. 10: Ratio of Φ−Ψ and∆ for saling and saling-violating
senarios to their values in QS for mode k = 0.001 Mp−1.
Dashed line represents the nal value of the quantity in QS,
dottedin DS, and dot-dashedin ΛCDM. The solution is
very sensitive to negative values of R0, but hoosing suh se-
narios only inreases the deay, strengthening the ISW eet.
Positive values of R0 bring the evolution of the observables
loser to that of the QS solution and, for very large values,
ahieve deays as low as those of ΛCDM. ∆ is quite insensi-
tive to the hoie of R. All quantities were normalized to the
same value at log a = −2.
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